The concentric torque-split face gear transmission is mainly developed for the rotorcraft which demands high power density and large speed reduction ratio. This paper aims at predicting the load sharing behaviours among paths. An original quasistatic load sharing analysis model, which is a hybrid finite element/lumped parameter quasistatic gear model, is presented. The connection between spur gear and face gear is also established. A number of numerical simulations of load sharing behaviour analysis are conducted. The mechanism of uneven load sharing is revealed. It is observed that the support stiffness of pinion and backlash have significant influences on the load sharing behaviours of the concentric torque-split face gear transmission.
Introduction
The concentric torque-split face gear transmission, shown in Figure 1 , has promising use in the rotorcraft which keep seeking ways to transmit high power through the lowest weight. Extensive patents about the concentric torque-split face gear transmission have been carried out [1] [2] [3] . Roberto et al. [4] designed the load sharing structure of a drive pinion that floats in the direction of the axes of face gears. Gmirya et al. [5] divided the input torque into multiple kinematic paths to provide a transmission system with relatively small size and lightweight. The gear sizes of the concentric torquesplit face gear transmission are decreased by the torque splitting of the face gears and idlers. The transmission system provides an inherent capability to handle high transmission ratio for the geometry of the face gears. The unique characteristics enable its effective application on the rotorcraft transmission.
To achieve the desired face gear transmission performance, extensive studies have been carried out. Litvin is one of the first persons to explore the design, generation, and tooth contact analysis of the orthogonal face gear drives with a spur involute pinion [6] [7] [8] [9] . Claudio [10] and Jin-yuan Tang [11] developed approaches for the modified geometry of face gear drive to reduce the sensitivity of the gear drive to misalignments. Isamu [12] and Sandro [13] investigated the effective engagement area under the designed parameter. Meng Peng [14] and Hu [15] studied the dynamic behaviours of face gear drives. And for the gear transmission with flexible gear bodies, many types of models have been established: shaft element model [16, 17] , 3D finite element model [17] [18] [19] [20] [21] , and segment model [22] [23] [24] .
However, limited investigations have been done on the load sharing behaviours of the concentric torque-split face gear transmission. The existence of machining errors, misalignment of gears, and asymmetric power transmitting path result in an uneven load sharing between the two face gears and between the two idlers. A thorough understanding of the load sharing behaviours of the concentric torque-split face gear transmission is important. Experimental studies on the load sharing behaviours of the concentric torquesplit face gear transmission have been done by Robert [25, 26] . Nevertheless, we still need a simple method other than experiment to investigate the load sharing behaviours of the concentric torque-split face gear transmission.
In this article, based on the force analysis of each component, a robust and rapid quasistatic analysis model of the concentric torque-split face gear transmission is established. The analytical model is a hybrid of lumped parameter and finite element. This analytical model enables rapid simulations of 2 Mathematical Problems in Engineering quasistatic load sharing behaviours of the concentric torquesplit face gear transmission. Considering the flexible face gear bodies, backlash, and support stiffness, the load sharing behaviours are investigated through numerical quasistatic simulations. The load sharing analysis method proposed in this paper provides guidance on searching for reasonable design parameters for the concentric torque-split face gear transmission.
Uneven Load Sharing Problem
The concentric torque-split face gear transmission ( Figure 1 ) comprises two face gears (gears 6 and 7) rotating about a common axis, two input pinions 1 and 2 rotating about a respective axes perpendicular to the axes of rotation of the face gears, and two idlers (gears 3 and 4), and one tail rotor (gear 5) rotating about respective axes substantially coplanar with the axes of the pinions. This design is configured with the two face gears located face-to-face one over the other. The two input pinions drive in between the two face gears from each side. The two idlers and the tail rotor recombine most of the torque that fed to the lower face gear from the pinions in the upper face gear, while the other torque is transmitted to the tail shaft through the tail rotor. The two face gears are totally the same, the two input pinions are totally the same, and the two idlers are also entirely the same. The input pinions, idlers, and tail rotor are standard spur gears with the same modulus, tooth numbers and pressure angle. These spur gears are arranged on the circumference of the face gears, and the position angle between the adjacent spur gears is 2 /5.
The torques of pinions 1 and 2 are transmitted to the output shaft of the upper face gear 6 through two paths. The upper path through the upper meshes of pinions to the upper face gear (from gears 1 and 2 to gear 6), the lower path through the lower meshes of pinions to the lower face gear, then to the idlers and tail rotor, and finally through the upper meshes of the idlers and tail rotor to the upper face gear (from gears 1 and 2 to gear 7, then to gears 3, 4 and 5, and then to gear 6). Figure 2 illustrates the power flow of the concentric torque-split face gear transmission. Where is the average mesh stiffness of gear pairs, is the axial stiffness of the face gear rim in the position that the face gear meshes with 
Figure 2: The power flow.
the spur gear,
are the support stiffness of the gears that are not shown for clarity, 1 ∼ 7 are the support deformations of gears, and is the unloaded transmission error. Because the spur gears are exactly the same and the two face gears are also exactly the same, so the average mesh stiffness of all gear pairs is the same, and all the axial stiffness of face gear rim in the positions that the face gear meshes with the spur gears is the same. 1 ∼ 5 are the deformations of the lower face gear rim in the positions that the face gear meshes with the spur gears, 1 ∼ 5 are the deformations of the upper face gear rim in the positions that the face gear meshes with the spur gears, 1 ∼ 5 are the deformations of the lower meshes of the spur gears, and 1 ∼ 5 are the deformations of the upper meshes of the spur gears.
Due to the elasticity and the machining error, the two paths will produce elastic deformations and rigid gear body displacements when the torques are applied to the input pinions. The upper path, which is shown in Figure 2 marked by the red arrows, is the path from the input pinions to the output shaft. The upper path goes just through one mesh deformation, one transmission error, and one gear body deformation, while the lower path that shown in Figure 2 marked by the green arrows is the path from the input pinions to the output shaft. The lower path goes through seven mesh deformations, seven transmission errors, and three gear body deformations. It is obvious that the lower path is much "longer" than the upper path. The two paths are asymmetric unless they have been designed carefully.
To explain the uneven load sharing problem of the two paths more clearly, the equivalent displacement and the equivalent stiffness are defined. The deformations and displacements of two paths are projected to the line of Mathematical Problems in Engineering 3 action of the upper and lower meshes of the spur gears. The equivalent displacement can be expressed as
where , are the equivalent displacement of the upper and lower paths, respectively. = is obtained under the compatibility condition of deformation. is the pressure angle which is equivalent to the angle between the line of action and the transverse plane of the face gear.
The equivalent stiffness of the upper and lower paths can be expressed as
where , are the equivalent stiffness of the upper and lower paths, respectively.
For the convenience of understanding, the load of the two paths is represented by the mesh force of the upper and lower meshes which can be expressed as
The load sharing coefficient of the two paths can be expressed as
In most cases, the load sharing coefficient of the two paths is not equal to 1 unless the average mesh stiffness, the support stiffness, and the axial stiffness of the rim of the face gear have been designed carefully. On the other hand, the mesh stiffness is a time-varying parameter, and the mesh phase of the time-varying mesh stiffness of all gear pairs may be different due to the odd and even tooth number designs of spur gears. So it is impossible to gain an even load sharing of the concentric torque-split face gear transmission.
In the lower path, it is worthy to note that the torque is split to three subpaths by the two idlers and the tail rotor. The backlash difference of the lower meshes of the two idlers results in an uneven load sharing of the two idlers when the torque that fed to the lower face gear is transmitting to the upper face gear.
Quasistatic Model

The Hybrid 3D Finite Element/Lumped Parameter Model.
In the application of helicopter transmission, the maximum diameter of the face gear can be as much as 600mm. The face gear body is easy to deform under load and the deformation cannot be ignored in the load sharing behaviour analysis. Thus, the face gear body and its shaft are discrete into finite elements so that the deformation under load is allowed. The load sharing analysis results are more accurate by considering the deformation of the face gear bodies.
The hybrid 3D finite element/lumped parameter model of the concentric torque-split face gear transmission is shown in Figure 3 . The quasistatic load sharing analytical model aims at predicting the load sharing behaviours among different paths. This model includes the flexible face gear bodies, backlash, bearings, shafts, and time-varying mesh stiffness. It is a hybrid of lumped parameter and finite element and enables rapid simulations of quasistatic load sharing analysis of the torquesplit face gear transmission.
The flexible face gear bodies are simulated with 3D finite element models (8 node brick elements). The effects of the factors on the load sharing behaviours are investigated through numerical quasistatic simulations. The nodes of output shaft at the bearing location are fixed in the rotation direction of the output shaft. Also, the nodes of two face gear shafts at the bearing locations are elastically constrained in the radial and axil direction. The stiffness of the elastic constrains is equal to the support stiffness of bearings. The gear bodies of the input pinions, idlers, and tail rotor are regarded as rigid disks with radial elastic constraints whose stiffness is equal to its support stiffness.
In the hybrid 3D finite element/lumped parameter model, the force equations of gears are established, respectively. Figure 4 illustrates the connection between the spur gear and the 3D finite element nodes of the face gear. The mesh between the engaged teeth of the spur gear and the face gear is defined by time-varying mesh stiffness ( ) and ( + ⋅ Ψ/2). The mesh force is applied on the face gear through the five nodes shown in Figure 4 . As the diameter of the face gear body is much larger than the size of the tooth width, the time-varying mesh force is applied evenly on the five nodes along the tooth width of the face gear. The displacement of the face gear along the line of action is the average of the displacements of the five nodes. engaged tooth number, the mesh stiffness of the gear transmission varies periodically. Moreover, the tooth surface of the face gear is complex, and the tooth thickness varies along the tooth width direction. Thus, the analytical solution of the time-varying mesh stiffness of the face gear transmission is hard to obtain. In this section, the time-varying mesh stiffness of the face gear transmission is calculated by a finite element method. Figure 5 illustrates the model of the finite element method that is used for the calculation of the time-varying mesh stiffness. The calculation domain is the time of the whole meshing circle of gear tooth 3. The whole meshing circle is divided into 21 meshing positions. Each meshing position will carry on a loaded tooth contacted analysis (LTCA) by commercial software (ANSYS). The contact ratio of the face gear transmission can be 2∼3 due to the deformation of the gear tooth, so the finite element model is established with 5 teeth to ensure all contact tooth pairs are involved in LTCA. A reference point is set in the center of rotation of the spur gear, and it is coupled with the spur gear's inner ring. The rim of the face gear is fixed, and a torque of 300 ⋅ is applied to the reference point. The stiffness of each meshing position can be derived by
The Time-Varying Mesh
where is the base circle radius of the spur gear and is the rotation angle of the spur gear under torque. After the mesh stiffness of all the meshing positions are calculated, the time-varying mesh stiffness curve of the face gear transmission is obtained in Figure 6 . The time-varying mesh stiffness curve will be applied on the quasistatic model in the following sections.
Due to the deformation of the gear tooth, the whole mesh circle Ψ is 19 seconds rather than 21 seconds [27] as shown Figure 6 . The ten gear pairs of the system have the same design parameters. However, the mesh phase of the ten gear pairs is different. When the tooth number of the spur gear is odd, the mesh phase difference of the upper and lower meshes of the spur gear is half of the whole mesh circle. Assuming that the lower mesh stiffness of the odd tooth number design is the mesh stiffness shown in Figure 6 , then the starting time of the upper mesh stiffness should be the 9 seconds. When the tooth number of the spur gear is even, the mesh phases of the upper and lower meshes of the spur gears are the same. Under the design in Section 2, the lower mesh phases of the lower meshes of the five spur gears are exactly the same.
The Force Analysis of Gears.
The coordinate systems are illustrated in Figure 7 . As the maximum radius of the face gear is much larger than the size of the tooth width, the coordinate system ( , = 1 ∼ 5) is set at the midpoint of the tooth width of each face gear. And each face gear establishes its coordinate system ( = 6 ∼ 7), where should be on the plane of Mathematical Problems in Engineering the face gear that is tangent to the reference circle of the spur gear. However, is placed on the rim for clarity.
The Face Gears.
The schematic diagram of force analytical models of the two face gears is shown in Figure 8 . For each face gear, imposing the axial equilibrium condition, the following equations are derived:
where ( = 1 ∼ 5, = 6, 7) is the mesh force between the spur and the face gear, is the press angle, and and are the support stiffness and the axial support deformation of the face gear, respectively.
It is noteworthy that the flexible face gear body cannot be neglected due to its large size and disk-like structure. The deformations of the five positions that the face gear meshes with the spur gears are the results of the forces acting on them. The face gear body is discretized by 8 node brick elements. The stiffness matrix is derived by assembling all node numbers and element numbers in the face gear coordinate system. Imposing the boundary conditions, the complete compliance matrix of all nodes is obtained by inversing the stiffness matrix. By deleting the row and column of the nodes other than the five nodes of the five positions of the complete compliance matrix, the compliance matrix [ ] 75×75 is obtained. Thus, the relationship between forces and displacements are established by the compliance matrix as follows:
where [ ] 75×75 is the compliance matrix of the nodes on the five positions that the face gear meshes with the spur gears. [ ] 75×1 and [ ] 75×1 are the force vector and displacement vector of the nodes on the five positions, respectively, in the coordinate system . It should be noted that the time-varying mesh force is applied evenly to the five nodes of each position, and the displacement of point on the face gear is the average displacements of the five nodes.
To obtain [ ] 75×1 , the mesh force between the spur gear and the face gear should be projected to the coordinate axis of the coordinate systems . Because the compliance matrix [ ] 75×75 is calculated in the coordinate systems , so the projection should also be transformed to by as follows: The connection between the engaged teeth of the spur gear and the face gear are defined in Section 3.1. In the application of helicopter transmission, the maximum diameter of the face gear can be as much as 600mm, while the tooth width is 52mm. The diameter of the face gear body is much larger than the size of the tooth width, so the time-varying mesh force is applied evenly to the five nodes along the tooth width of the face gear as follows:
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where ( ) are defined by (10) and (11);
The displacement vector [ ] 75×1 of the five nodes on the five positions can be expressed as follows:
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The displacement of in the coordinate system can be expressed as follows:
which will be transformed to the coordinate systems by as follows:
Again, imposing the equilibrium condition in the torsion direction of the lower face gear, the following equation is obtained:
where 7 is the pitch circle radius of the lower face gear.
The Input Pinions.
The schematic diagram of the force analytical model of pinion ( = 1, 2) is shown in Figure 9 . Imposing the equilibrium condition in the torsion direction, the following equation is obtained:
where ( = 6, 7) is the mesh force of the face gear, is the input torque of pinion , and is the radius of base circle of pinion .
Imposing the equilibrium conditions in the direction of and , the following equations are derived:
where , are the support stiffness of input pinion in the direction of and , respectively. Considering the time-varying mesh stiffness, the following equations are obtained by the mesh deformation condition: (21) where ( ) is the time-varying mesh stiffness, = 0 or 1, when the tooth number of the spur gear is odd, = 1, when the tooth number of the spur gear is even, = 0, is the backlash of the upper and lower meshes of pinions, , 7 are the twist angle of pinion and face gear 7, respectively, Δ is the displacement in the line of action, and Δ is defined by (22) and (23) as follows:
where , are the displacement of the face gears along the coordinate axis of and , respectively. 
The Idlers/Tail
Rotor. The schematic diagram of the force analytical model of idlers 3 and 4 and tail rotor 5 are shown in Figure 10 . The equilibrium equation is derived as follows:
where ( = 3, 4) are the mesh force of each face gear and is the base circle radius of idler . And the equilibrium equations in the direction of and are derived as follows:
where , are the support stiffness of idler in the direction of and , respectively.
The mesh deformation equations of the lower and upper meshes of idler are derived as follows:
where is the twist angle of idler and Δ are defined by (29) and (30):
where , are the displacement of the face gears along , , respectively.
The similar force equations of the tail rotor 5 (Figure 10(b) ) are also derived as follows:
where 5 is the torque that fed to the tail rotor, 5 is the backlash of the upper and lower meshes of the tail rotor, and Δ 5 are defined as follows:
Load Sharing and Load Distribution.
The procedure of the Quasistatic load sharing calculation is illustrated in Figure 11 as follows.
In the force analysis above, there are numerous variables and independent equations. There are 178 variables which are composed of 10 mesh forces ( ) of gear pairs, 2 axial support deformations ( ) of the two face gears, 1 twist angle ( 7 ) of the lower face gear, 5 twist angles ( ) of the spur gears, 5 support displacements ( and ) of the spur gears, and the 150 displacements ([ ] 75×1 ) of the nodes of the face gears that connected to the spur gears. Also there are 178 independent equations which are composed of 153 equations (see (8) - (11) and (16)) in the force analysis of the face gears, 10 equations (see (17) - (21)) in the force analysis of the input pinions, 10 equations (see (24) - (28) rotor. The number of the variables is equal to the number of the independent equations, so the unknown variables can be obtained by solving the equation set composed by the 178 independent equations. And the load sharing coefficients of the two face gears that mesh with the input pinions can be expressed as Figure 1 . The concentric torquesplit face gear transmission gears are 2.00 module, with the pinions, idlers, and tail rotor having 23 teeth and the two face gears (defined in Figure 12(a) ) having 145 teeth. The input torque is 300 N ⋅ m, and the output torque of the tail rotor is 50 N ⋅ m. By solving the quasistatic model established above, the load sharing between the two face gears and between the two idlers is obtained. In order to assess the accuracy of the proposed load sharing analytical model, the validation was performed on commercial software (ANSYS). The ANSYS model of the concentric torque-split face gear transmission is illustrated in Figure 12(b) . The nodes of the face gears and input pinions on the bearing positions are coupled with a reference point respectively. The inner rings of the idlers and tail rotor are also coupled with a reference point respectively. The reference point is set in the center of rotation and it is coupled with a fixed node by spring elements defined by the stiffness that are equal to the support stiffness in their corresponding directions. Figure 13 illustrates the calculation of the mesh force between the spur gear and the face gear in the ANSYS model. The contact tooth pair number varies in different Figure 14 .
In the quasistatic model, the accurate time-varying mesh stiffness and the stiffness matrices of the face gear bodies are precalculated and stored. So a lot of computing time is saved. Moreover, the displacements of all components are projected to the direction of the line of action. The deformation equations and equilibrium equations are established. The results of the quasistatic load sharing analytical model and ANSYS finite element model of the torque-split face gear transmission are shown in Table 1 . The maximum difference between the results obtained by the quasistatic load sharing analytical model and the ANSYS model is 8.2%, while the computing time of the ANSYS model is 99.98% longer than the quasistatic load sharing analytical model.
Parameter Analysis
The support stiffness of pinion is an important parameter for the load sharing design of the concentric torque-split face gear transmission. It influences the load distribution between the upper and lower face gears. The backlash is another important load sharing design parameter that affects the load sharing of the two face gears and the two idlers. Moreover, the parity of the tooth number of the spur gear results in a mesh phase difference between the upper and lower meshes of pinion. And the mesh phase difference affects the load sharing behaviours of the two face gears. It is necessary to study the influences of the support stiffness of pinion, backlash, and tooth number design of the spur gear on the load sharing behaviours of the concentric torque-split face gear transmission.
The Support Stiffness.
Due to the restriction of the designed power capacity and the space of the test gearbox that developed for the helicopter, the designed support stiffness of pinion is 2.5e8 N/m. Multiplied by the scaling factors of [0. 1, 10] , the influence of the support stiffness of pinion on the load sharing behaviours of the upper and lower face gears is studied through numerical simulations.
The numerical simulation results are shown in Figure 15 . The load distribution of the upper and lower mesh of pinion under the factor of 0.1 is 52% and 48%, respectively. Between the scaling factors of 0.1 and 2, the load distribution difference raises dramatically from 4% to 40%. It is apparent that the smaller support stiffness of pinion, the better load sharing performance of the two face gears.
The Backlash.
The backlash is another important load sharing design parameter that affects the load sharing of the two face gears and the two idlers. In this section, the influence of the backlash of the lower meshes of idlers and the backlash of the upper and lower meshes of pinion on the load sharing behaviours of the concentric torque-split face gear transmission is studied. Figure 17 . Under the designed support stiffness of pinion, the load split to the upper mesh of pinion is larger than the lower mesh. Under the largest backlash difference of 25 m, the load sharing of the upper and lower meshes of pinion get 16% closer. This load sharing design method can be combined with the support stiffness of pinion to obtain a better load sharing performance of the two face gears.
The Tooth Number Design.
The parity of the tooth number of the spur gears results in a mesh phase difference between the upper and lower meshes of pinion. The odd tooth number induces a half mesh phase difference between the upper and lower meshes of pinion, while the even tooth number induces none mesh phase difference between the upper and lower meshes. In this section, the influence of the parity of the tooth number on the load sharing behaviours of the upper and lower face gears are studied.
The numerical simulation results are shown in Figure 18 . The load sharing behaviours of the two face gears are studied in a whole mesh circle under the condition of odd and even tooth number design of the spur gears.
The maximum load sharing coefficient of the odd tooth number design is 1.82. While the corresponding result of the even tooth number design is 1.77. It can be concluded that the even tooth number design has a better load sharing performance than the odd tooth number design.
Conclusions
In this paper, a quasistatic load sharing analytical model of the concentric torque-split face gear transmission with flexible face gear body is established. The proposed model is a hybrid of lumped parameter and 3D finite element. The connection between the spur gears and 3D finite element nodes of the face gear are established. From a practical viewpoint, this model makes it possible for a quick and precision load sharing behaviour analysis in contrast to the commercial software ANSYS. A number of numerical simulations are presented. These load sharing analysis results provide guidance for the load sharing design of the concentric torque-split face gear transmission. Based on the numerical simulation results, the following conclusions have been reached: (a) The support stiffness of pinion has significant influence on the load sharing behaviours of the two face gears. Smaller support stiffness should be selected under allowable condition.
(b) The backlash is a key design parameter for the load sharing of the two face gears and the two idlers. The uneven load sharing of the two idlers can be eliminated by changing their backlash difference. And this backlash based load sharing design method should be combined with the support stiffness of pinion to achieve an even load sharing of the two face gears.
(c) Even tooth number design of the spur gear has a better load sharing performance of the two face gears than the odd tooth number design.
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